If a, b are n × n matrices, Ando proved that Young's inequality is valid for their singular values: if p > 1 and 1/p + 1/q = 1, then
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Introduction
It all boils down to the following elementary inequality named after W. H. Young: if p > 1 and 1/p + 1/q = 1, then for any α, β ∈ R + , αβ ≤ 1 p α p + 1 q β q with equality if and only if α p = β q .
Operator analogues of this elegant fact are considered, following the fundamental paper by T. Ando [1] for n × n matrices, and an extension for compact operators by J. Erlijman, D. R. Farenick, R. Zeng [4] . [7] that it is true if a, b are Hilbert-Schmidt operators, and the norm is the Hilbert-Schmidt norm. Another nice paper, this time by M. Argerami and D. Farenick [3] proved that that it is also true for |a| p , |b| q nuclear operators, that is when the norm is the trace norm
In this paper, we prove that the necessary and sufficient condition is in fact the equality of all singular numbers, which enables us to characterize for exactly which norms the assertion above is true (Theorem 2.13).
Unitarily invariant norms
For a given vector a = (a i ) i∈N 0 with a i ∈ R, we will denote with a ↓ the rearrangement of a in decreasing order, that is a ↓ is a permutation of a such that
Let · φ stand for a unitarily invariant norm in B(H), and φ : R N 0 + → R + its associated permutation invariant gauge [9] . Definitions 2.3. We say that the norm is strictly increasing if, given two sequences a = (a i ), b = (b i ) such that 0 ≤ a i ≤ b i for all i ∈ N 0 and φ(a) = φ(b) implies that a i = b i for all i ∈ N (see Hiai's paper [6] , it is also property (3) in Simon's paper [8] ). Examples of these norms on K(H) are the Schatten p-norms 1 ≤ p < ∞, and examples of non-strictly increasing norms are the supremum norm and the Ky-Fan norms. Note that we can always define
which is a strictly increasing norm defined in the whole of K(H).
Remark 2.4. If I φ is not equivalent to the supremum norm x = sup
xξ H , then I φ = {x ∈ K(H) : x φ < ∞} is a proper bilateral ideal in K(H) according to Calkin's theory. Assume that a symmetric norm has the Radon-Riesz property x n φ → x φ and x n → x weakly =⇒ x − x n φ → 0 (see Arazy's paper [2] on the equivalence for sequences and compact operators). Simon proved in [8] that in that case the norm is strictly increasing according to our definition. It is unclear for us if the assertion can be reversed.
Inequality
Remark 2.5. For given a, b ∈ K(H) we will always denote
Moreover, we will denote
the spectral decompositions of each operator, with a k , b k ,etc. one dimensional projections. Note that we allow multiplicity, and if γ 1 = · · · = γ j for some finite j, the election of the first q j is arbitrary (i.e., it amounts to select an orthonormal base of that span).
Remark 2.6. Concerning a, b ∈ K(H), the following was proved in [4] by Erlijman, Farenick and Zeng: for each k ∈ N,
hence there exists a partial isometry u such that q k = up k u * and u * u = k p k the projection on the (closure of ) the range of |ab * |. Then, for any a, b ∈ K(H),
This extended the original result of T. Ando [1] which was stated for positive matrices.
From their result, it can be deduced that the relevant condition to deal with the equality is γ k = δ k for all k, to be more precise:
If either
for a pair of contractions z, w ∈ B(H) and a strictly increasing norm, then γ k = δ k for each k ∈ N 0 and
where u is the partial isometry u of the result in Remark 2.6, i.e up k u * = q k for each k.
Proof. To prove the first assertion, note that clearly
by Remark (2.2.1). Now since ν is the partial isometry of |b|, then also ν * |ab * |ν = ν * ν|a| p ν * ν = |a| p which in turn shows the reversed inequality, and then
follows. Regarding 2., note that if equality is attained by a contraction z, then by Remark 2.6 and Remark 2.2.1
Likewise, if equality is attained for a strictly increasing norm and a pair of contraction z, w, since
Equality
The following result will be crucial to obtain the proof of our main assertion.
Proof. Let ε > 0, let p b stand for the projection to the closure of the range of b, let
γ k e k ⊗ e k with γ k = λ k (|ba|) and {e k } k an orthonormal basis of Ran |ba|.
Then since γ 0 = ab = ba , we have ab 2 ae 0 , e 0 = ba 2 and
by Remark 2.6 and the hypothesis. Therefore, dividing by ε 2 and letting ε → 0, since q > 2, we conclude that (1 − p b )ae 0 = 0 or equivalently, ae 0 ∈ Ran b.
We iterate the argument above for all k such that γ k = γ 0 : let us abuse the notation and assume then that γ 1 < γ 0 . Then for all sufficiently small ε ≤ ε 1 ,
Therefore for all such ε, if Q = e 0 + e 1 then
and again, dividing by ε and letting ε → 0, we conclude that ae 1 ∈ Ran b. Proceeding recursively, we conclude that a(Ran |ba|) ⊂ Ran b. Now if ξ ∈ H, then a|ba|ξ ∈ Ran (b), therefore a 2 |ba|ξ = a(a|ba|ξ) ∈ aRan (b) ⊂ Ran (ab) = Ran |ba|, and a 3 |ba|ξ = a(a 2 |ba|ξ) ∈ aRan |ba| ⊂ Ran (b). Iterating this argument, we arrive to the conclusion that a 2n+1 (Ran |ba|) ⊂ Ran (b) for all n ∈ N 0 . Using an approximation of f = χ σ(a) by odd functions, we conclude that p a (Ran |ba|) = f (a)(Ran |ba|) ⊂ Ran (b) where p a is the projection onto the closure of the range of a. Therefore |ba|
Remark 2.9. Here are two remarks on projections, its verifications are left to the reader. 2. Let b = b * ∈ B(H) assume that bη = ξ, with ξ = 1. Name p the projection onto ξ, name p η the projection onto η. Then
Lemma 2.10. Let 0 ≤ x ∈ K(H), let ξ ∈ H with ξ = 1. Then
with equality iff xξ = xξ, ξ ξ. Also
with equality iff xξ = xξ, ξ ξ.
Proof. Let x = x i p i be a spectral decomposition of x, with i p i = 1. Let t i = p i ξ 2 , then i t i = 1. Using Hölder's inequality for sequences, with p = 1/r > 1, we obtain
Assuming equality, in Hölder's inequality, it must be x i t i = ct i for all i, therefore xξ = xξ, ξ ξ. Taking s = 1/r and replacing x with x s , the proof of the other case (s > 1) is straightforward.
A rewriting of the lemma above, gives the following: Corollary 2.11. Let q be a rank one projection and 0 ≤ x ∈ K(H) then
with equality iff xq = cq for some c ≥ 0 and
with equality iff xq = cq.
What follows is the statement that tells us that the relevant hypothesis is neither on the operator equality, nor on the norm equality, but the singular numbers equality.
Proof. Since λ k (|ab * |) = λ k (|ba * |), exchanging a with b if necessary we can assume that 1 < p ≤ 2. It will be easier to deal first with a, b ≥ 0. We follow the notation of Remark 2.5.
; then η ∈ Ran b and bη = ξ. Let p η be the projection onto span(η), then
Now we have to deal with two cases separately, regarding whether p = 2 or p = 2. Case p = 2. By Proposition 2.8, we have p b |ba| = |ba|, but Ran |ba| = Ran (ab), hence if we name a = p b ap b , then
Therefore a 2 ≥ γ 2 0 η 2 p η as operators acting on H ′ = Ran b. Since 1/2 < p/2 < 1, the operator monotony of t → t p/2 implies that in H ′ , we have
This also implies
On the other hand, by Remark 2.9.2 and Corollary 2.11 with s = q/2 > 1,
By Young's numeric inequality (3), (5) and (6) gives
by the hypothesis on the λ k . From here we can derive several conclusions. The first one, since there is equality in Young's numeric inequality (6) , is that γ 0 = 1 η q . The second one, since we have equality in ( 
and rearranging if necessary the basis of ker((
which implies that a p ξ = γ 0 ξ; with a similar argument and since
we deduce that a p = γ 0 ξ also, therefore aξ = γ 1/p 0 ξ. We now proceed with an induction argument. Write
with a k , a j rank one disjoint projections and a k a j = 0 for all k, j. Then rearranging if Let us resume all the results in one clear cut statement, the main result of this paper:
This last fact, for z a partial isometry (and with a different proof) was observed [3] by Argerami and Farenick.
We conjecture that these three conditions are also necessary for (7) to happen with a contraction z if b is just compact.
